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1. Introduction
Let M be a compact Kähler manifold and let E be a holomorphic vector bundle over M . The Hitchin–Kobayashi cor-
respondence [22,17,9,10,24,26] states that a holomorphic structure is stable if and only if it is simple and admits a
Hermitian–Einstein metric. The classical Hitchin–Kobayashi correspondence has several interesting and important generaliza-
tions and extensions where some extra structures are added to the holomorphic bundles. For example: Higgs bundles [14,
23]; holomorphic pairs [5,6]; holomorphic triples, holomorphic chains [12,7,1]; quiver bundles and twisted quiver bun-
dles [2,3] over Kähler manifolds. There are also other interesting generalizations, see references: [4,8,16,18–21,25].
In [23], Simpson also discussed the Higgs bundles over some non-compact Kähler manifolds. Let M be a complex mani-
fold of dimension m, with a Käler metric ω. By [23], we will make the following assumptions:
Assumption 1. (M,ω) has ﬁnite volume.
Assumption 2. There exists an exhaustion non-negative function ϕ on (M,ω) with ϕ bounded.
Assumption 3. There is an increasing function α : [0,∞) → [0,∞) with α(0) = 0 and α(x) = x for x > 1, such that if f is a
bounded positive function on (M,ω) with  f  B then
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M
| f | C(B)α
( ∫
(M,ω)
| f |
)
,
furthermore, if  f  0 then  f = 0.
From [23, Proposition 2.1 and Proposition 2.2], we know that if (M,ω) is a compact Kähler manifold, or (M,ω) is a
Zariski open subset of a smooth compact Kähler manifold M¯ and the metric ω is the restriction of a smooth Kähler metric
on M¯ , then the above assumptions hold for (M,ω).
In this paper, we want to discuss twisted holomorphic chains over Kähler manifolds satisfying the above assumptions.
A twisted holomorphic chain (as a special case of the twisted quiver bundles [2]) consists of a ﬁnite number of holomorphic
bundles Ei over Kähler manifold M and bundle morphisms φi ∈ Hom(Ei ⊗ E˜ i, Ei−1), where {E˜ i} is a collection of ﬁxed
holomorphic bundles. For simplicity, we denote: E= (E0, E1, . . . , En) is the (n+1)-tuple of holomorphic bundles Ei over M ,
and φ = (φ1, φ2, . . . , φn) is an n-tuple of bundle holomorphic morphisms φi ∈ Hom(Ei ⊗ E˜ i, Ei−1) (1 i  n). So a twisted
holomorphic chain will be denoted by C = (E,φ) for simplicity. Throughout this paper, H˜ = (H˜1, . . . , H˜n) is an n-tuple of
Hermitian metrics H˜i on the twisting bundle E˜ i (1  i  n), which we ﬁxed once and for all. Let H = (H0, H1, . . . , Hn)
be an (n + 1)-tuple of Hermitian metrics, where Hi is a metric on Ei . To deﬁne the gauge equations on chain (E,φ), we
note that φi+1 : Ei+1 ⊗ E˜ i+1 → Ei has a smooth adjoint morphism φ∗Hi+1 : Ei → Ei+1 ⊗ E˜ i+1 with respect to the Hermitian
metrics Hi on Ei and Hi+1 ⊗ H˜i+1 on Ei+1 ⊗ E˜ i+1, for each 0  i  n − 1, so it makes sense to consider the composition
φi+1 ◦ φ∗Hi+1 : Ei → Ei . Moreover, φi and φ∗Hi can be seen as morphisms φi : Ei → Ei−1 ⊗ E˜∗i and φ∗Hi : Ei−1 ⊗ E˜∗i → Ei ,
for each 1  i  n, so φ∗Hi ◦ φi : Ei → Ei makes sense too. In this paper, ∇H denotes the Chern connection with respect
to the Hermitian metric H , and FH denotes the curvature form of ∇H . Given τ = (τ0, τ1, . . . , τn) ∈ Rn+1, we say that an
(n + 1)-tuple of Hermitian metrics H satisﬁes the chain τ -vortex equations if
√−1ΛFH0 +
1
2
φ1 ◦ φ∗H1 = τ0 IdE0 ,
√−1ΛFHi −
1
2
(
φ∗Hi ◦ φi − φi+1 ◦ φ∗Hi+1
)= τi IdEi ,
√−1ΛFHn −
1
2
φ∗Hn ◦ φn = τn IdEn , (1.1)
where 1 i  n − 1. For simplicity, we denote
θi(H;τ ) =
√−1ΛFHi −
1
2
(
φ∗Hi ◦ φi − φi+1 ◦ φ∗Hi+1
)− τi IdEi , (1.2)
where we set φ0 = 0 and φn+1 = 0. We deﬁne the τ -degree of chain C with respect to the metric H to be the real number:
degτ (C; H) =
∫
M
(
n∑
i=0
Tr θi(H;τ )
)
dν, (1.3)
where dν is the volume form of (M,ω). It is well known that Higgs bundles, holomorphic pairs, holomorphic triples can
be seen as special cases of the twisted holomorphic chains. In this paper, we want to consider the above chain vortex
equations (1.1) on some non-compact Kähler manifolds.
Main theorem. Let (M,ω) satisfy the above Assumptions 1, 2, 3, and suppose (E,φ) is a twisted holomorphic chain with an (n+ 1)-
tuple of Hermitian metrics K satisfying supM(
∑n
i=0 |ΛFKi |K ) < ∞, supM(
∑n
i=1 |φi|2K ) < ∞ and degτ (C; K ) = 0. Suppose C= (E,φ)
is analytic τ -stable with respect to the initial metrics K. Then there is an (n + 1)-tuple of Hermitian metrics H with |∂¯Ei (K−1i Hi)|Ki ∈
L2(M,ω), Hi and Ki mutually bounded, and supM |Λω FHi |Hi < ∞ for each i = 0,1, . . . ,n, such that it satisﬁes the chain τ -vortex
equations (1.1).
For the proof of the main theorem, we use the heat ﬂow method which is used by Simpson in the Higgs bundles
case [23]. Firstly, we consider the evolution equations with respect to chain τ -vortex equations on compact domain. Using
exhaustion method, we get the long-time existence result of the heat ﬂow on non-compact Kähler manifold, by the way,
we also solved the Dirichlet boundary problem for Eq. (1.1). Then we consider the convergence properties of the heat ﬂow,
under the analytic stability condition, we can show that there exists a sequence of Hermitian metrics along the heat ﬂow
which converges to a solution of Eq. (1.1). As an application of the main theorem, we obtain a Bogomolov type inequality
for Chern numbers at the end of this paper. The paper is organized as follows: in Section 2, we give some estimates and
preliminaries which will be used in the proof of the main theorem; in Section 3, we get the long-time existence result
of the heat ﬂow; in Section 4, we consider the poisson equation on some non-compact manifolds; in Section 5, we solve
the Dirichlet boundary problem of Eq. (1.1); in Section 6, we introduce the deﬁnition of analytic τ -stability of twisted
holomorphic chains on non-compact Kähler manifolds, and prove that if there exist Hermitian metrics satisfying the chain
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last section, we deduce a Bogomolov type inequality for analytic stable twisted holomorphic chain.
2. Some preliminaries on chain vortex equations
Given a twisted holomorphic chain C = (E,φ) on a compact Käler manifold (M,ω) (with possible non-empty smooth
boundary). Let K = (K0, K1, . . . , Kn) be the initial (n + 1)-tuple of Hermitian metrics on chain C. Consider a family
of tuples of Hermitian metrics H(t) = (H0(t), H1(t), . . . , Hn(t)) on C with initial metric H(0) = K. And denote h(t) =
(h0(t),h1(t), . . . ,hn(t)) to be an (n + 1)-tuple of endomorphisms hi = K−1i Hi . When there is no confusion, we will omit
the parameter t and simply write H , h for H(t), h(t). We consider the following heat equations of (1.1)
H−10
∂H0
∂t
= −2
(√−1ΛFH0 + 12φ1 ◦ φ∗H1 − τ0 IdE0
)
,
H−1i
∂Hi
∂t
= −2
(√−1ΛFHi − 12
(
φ∗Hi ◦ φi − φi+1 ◦ φ∗Hi+1
)− τi IdEi
)
,
H−1n
∂Hn
∂t
= −2
(√−1ΛFHn − 12φ∗Hn ◦ φn − τn IdEn
)
, (2.1)
where 1 i  n − 1. It is completely equivalent to the following evolution equations
∂h0
∂t
= −2√−1Λ∂¯E0∂K0h0 + 2
√−1Λ(∂¯E0h0h−10 ∂K0h0)− 2√−1h0ΛFK0 + 2τ0h0 − h0φ1h−11 φ∗K1 h0,
∂hi
∂t
= −2√−1Λ∂¯Ei∂Kihi + 2
√−1Λ(∂¯Ei hih−1i ∂Kihi)− 2√−1hiΛFKi + 2τihi + φ∗Ki hi−1φi − hiφi+1h−1i+1φ∗Ki+1hi,
∂hn
∂t
= −2√−1Λ∂¯En∂Knhn + 2
√−1Λ(∂¯Enhnh−1n ∂Knhn)− 2√−1hnΛFKn + 2τnhn + φ∗Kn hn−1φn, (2.2)
where we have used the identities
FHi = FKi + ∂¯Ei
(
h−1i ∂Kihi
)
,
φ∗Hi = h−1i ◦ φ∗Ki ◦ hi−1 ⊗ IdE˜∗i , or
φ∗Hi = h−1i ⊗ IdE˜i ◦ φ∗Ki ◦ hi−1. (2.3)
We know that the above equations are non-linear parabolic system, as in [9], hi(t) are self-adjoint with respect to Ki for
t > 0 since hi(0) = IdEi . For simplicity, we denote
Θ2(H;τ ) =
n∑
i=0
∣∣θi(H;τ )∣∣2Hi , Φ2(H) =
n∑
i=1
|φi|2H , (2.4)
where θi is deﬁned by (1.2).
Proposition 2.1. Let H(t) = (H0(t), H1(t), . . . , Hn(t)) be a solution of the heat ﬂow (2.1), then(
 − ∂
∂t
)
Θ2(H;τ ) 0, (2.5)
and (
 − ∂
∂t
) n∑
i=0
Tr θi(H;τ ) = 0. (2.6)
Proof. By calculating directly, we have
∂
∂t
θi =
√−1Λ∂¯Ei
(
∂Hi
(
h−1i
dhi
dt
))
+ 1
2
h−1i
dhi
dt
φ∗Hi φi
− 1
2
φ∗Hi h
−1
i−1
dhi−1
dt
φi − 12φi+1h
−1
i+1
dhi+1
dt
φ∗Hi+1 +
1
2
φi+1φ∗Hi+1h
−1
i
dhi
dt
, (2.7)
and
|θi|2 = 2Re〈−2
√−1Λ∂¯E ∂H θi, θi〉H + Re
〈[
2
√−1ΛF 1,1, θi
]
, θi
〉 + 2|∂H θi |2 + 2|∂¯E θi|2 .Hi i i i Hi Hi i Hi i Hi
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 − ∂
∂t
)
Θ2 = 2
n∑
i=0
|∇θi |2Hi +
n∑
i=0
{|φiθi|2 + ∣∣θiφ∗Hi ∣∣2 + |θiφi+1|2
+ ∣∣φ∗Hi+1∣∣2 − 2〈θi−1φi, φiθi〉 − 2〈θi+1φ∗Hi+1, φ∗Hi+1θi 〉}
=
n−1∑
i=0
{∣∣φ∗Hi+1θi∣∣2 − 2〈θi+1φ∗Hi+1, φ∗Hi+1θi 〉+ ∣∣θi+1φ∗Hi+1∣∣2}
+
n∑
i=1
{|φiθi|2 − 2〈θi−1φi, φiθi〉 + |θi−1φi|2}+ 2 n∑
i=0
|∇θi |2Hi
 2
n∑
i=0
|∇θi |2Hi  0. (2.8)
The formula (2.6) can be deduced from (2.7) directly. 
Proposition 2.2. Let H(t) = (H0(t), H1(t), . . . , Hn(t)) be a solution of the heat ﬂow (2.1), then there exists a positive constant C1
depending only on rank(Ei) and rank(E˜ i) such that(
 − ∂
∂t
)
Φ2(H) 2
n∑
i=1
|∂Hφi|2H + C1Φ4 − max
1in
{|τi − τi−1|}Φ2. (2.9)
Proof. By calculating directly, we have(
 − ∂
∂t
)
|φ1|2H = 2|∂Hφ1|2H + 2
∣∣φ1φ∗H1 ∣∣2 − 〈φ2φ∗H2 , φ∗H1 φ1〉+ 2(τ1 − τ0)|φ1|2,(
 − ∂
∂t
)
|φi|2H = 2|∂Hφi|2H + 2
∣∣φiφ∗Hi ∣∣2 − 〈φi+1φ∗Hi+1, φ∗Hi φi 〉− 〈φiφ∗Hi , φ∗Hi−1φi−1〉+ 2(τi − τi−1)|φi|2,(
 − ∂
∂t
)
|φn|2H = 2|∂Hφn|2H + 2
∣∣φnφ∗Hn ∣∣2 − 〈φnφ∗Hn , φ∗Hn−1φn−1〉+ 2(τn − τn−1)|φn|2,
where we have used ∂¯E∗i ⊗E˜∗i ⊗Ei−1φi = 0, and Eq. (2.1). On the other hand, one can easily check that∣∣φ∗Hi φi∣∣2Hi = ∣∣φiφ∗Hi ∣∣2Hi−1 , (2.10)
and ∣∣φiφ∗Hi ∣∣2Hi−1  1min(rank(Ei) × rank(E˜ i), rank(Ei−1)) |φi|4Hi . (2.11)
From the above inequalities we have(
 − ∂
∂t
)
Φ2  2
n∑
i=1
|∂Hφi|2 + 1∑n−1
j=1(2 j)
(
n∑
i=1
∣∣φiφ∗Hi ∣∣2
)
− max
1in
{|τi − τi−1|}Φ2
 2
n∑
i=1
|∂Hφi|2 + C1Φ4 − max
1in
{|τi − τi−1|}Φ2. 
Next, we will introduce the Donaldson’s “distance” on the space of Hermitian metrics as follows.
Deﬁnition 2.3. For any two Hermitian metrics H , K on vector bundle E set
σ(H, K ) = Tr H−1K + Tr K−1H − 2 rank E. (2.12)
It is obviously that σ(H, K )  0 with equality if and only if H = K . The function σ is not quite a metric but it serves
almost equally well in our problem. In particular, a sequence of metrics Ht converges to H in the usual C0 topology if and
only if SupM σ(Ht , H) → 0.
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Donaldson’s distance of two tuples as follows:
σ(H,K) =
n∑
i=0
σ(Hi, Ki). (2.13)
Since the twisted holomorphic chain is a special case of the twisted quiver bundle, so the estimates of quiver vortex
equations are valid to chain vortex equation. By [28], we have the following estimates.
Proposition 2.4. (See [28, Proposition 3.3].) Let two (n+ 1)-tuples H(t), K(t) be two solutions of the heat ﬂow (2.1), then(
 − ∂
∂t
)
σ
(
H(t),K(t)
)
 0. (2.14)
Corollary 2.5. Let H and K be two tuples of Hermitian metrics satisfying the chain τ -vortex equation (1.1), then
σ(H,K) 0. (2.15)
Let two (n + 1)-tuples H(t), K(t) be two families of Hermitian metrics on the twisted chain C = (E,φ). From [28], we
have
Proposition 2.6. (See [28, Proposition 3.5].) Let H(t), K(t) be two families of Hermitian metrics on the twisted chain C, then(
 − ∂
∂t
)
lg
{
n∑
i=0
(
Tr
(
K−1i Hi
)+ Tr(H−1i Ki))
}
−
(
n∑
i=0
∣∣∣∣H−1i ∂Hi∂t + 2θi(H)
∣∣∣∣
H
+
n∑
i=0
∣∣∣∣K−1i ∂Ki∂t + 2θi(K )
∣∣∣∣
K
)
, (2.16)
where θi is deﬁned in (2.4).
Corollary 2.7. Let (n + 1)-tuples H(x, t) be a solution of the heat ﬂow (2.1) with the initial tuple K, then(
 − ∂
∂t
)
lg
{
n∑
i=0
(
Tr
(
K−1i Hi
)+ Tr(H−1i Ki))
}
−
(
n∑
i=0
∣∣2θi(K ;τ )∣∣K
)
. (2.17)
Corollary 2.8. Let H and K be two (n+ 1)-tuples of Hermitian metrics on the chain (E,φ), then
 lg
{
n∑
i=0
(
Tr
(
K−1i Hi
)+ Tr(H−1i Ki))
}
−
(
n∑
i=0
∣∣2θi(H)∣∣H +
n∑
i=0
∣∣2θi(K )∣∣K
)
. (2.18)
If the tuple H satisﬁes the chain τ -vortex equation (1.1), then we have
 lg
{
n∑
i=0
(
Tr
(
K−1i Hi
)+ Tr(H−1i Ki))
}
−
n∑
i=0
∣∣2θi(K )∣∣K . (2.19)
3. The long-time existence of the heat ﬂow
Let (M,ω) be a compact Kähler manifold (with possibly non-empty boundary), and (E,φ) be a twisted holomorphic
chain over M . We ﬁx Hermitian metrics Ki on the bundles Ei as the initial metrics. If M is closed (i.e. compact without
boundary), we consider the following evolution equations
H−1i
∂Hi
∂t
= −2θi(H;τ ), Hi(t)|t=0 = Ki, 0 i  n. (3.1)
Suppose M is a compact manifold with non-empty smooth boundary ∂M , and the Kähler metric ω is smooth and non-
degenerate on the boundary. Fix Hermitian metrics Ki on the bundles Ei , then we will consider the Neumann boundary
problem:
H−1i
∂Hi
∂t
= −2θi(H;τ ), Hi(t)|t=0 = Ki, ∂
∂ν
Hi
∣∣∣∣ = 0, (3.2)
∂M
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H−1i
∂Hi
∂t
= −2θi(H;τ ), Hi(t)|t=0 = Ki, Hi|∂M = Ki |∂M , (3.3)
for all 0 i  n. Here ∂
∂ν denotes differentiation of sections of bundles in the direction perpendicular to the boundary ∂M
using the connections induced by those metric connections DKi .
Since the above heat equations are parabolic, and the Neumann or Dirichlet boundary conditions are good, the solutions
exist for short time [13].
Proposition 3.1. For suﬃciently small  > 0, the heat equations (3.1), (3.2) and (3.3) have smooth solutions deﬁned for M × (0, ).
Next we want to prove the long-time existence of the evolution equations. Let tuples H(t) be a solution of the above
evolution equations, and hi = K−1i Hi , for 0 i  n. Then∣∣∣∣ ∂∂t (lgTr hi)
∣∣∣∣=
∣∣∣∣Tr(
∂hi
∂t )
Tr hi
∣∣∣∣= 2
∣∣∣∣Tr(hiθi(H;τ ))Tr hi
∣∣∣∣
 2
∣∣θi(H;τ )∣∣Hi , (3.4)
and ∣∣∣∣ ∂∂t
(
lgTr h−1i
)∣∣∣∣ 2∣∣θi(H;τ )∣∣Hi . (3.5)
Proposition 3.2. supM(
∑n
i=0 |θi(H;τ )|2Hi ) is decreasing with time in a solution of the heat equation (3.1), (3.2) or (3.3).
Proof. When H(t) is a solution of (3.2), by applying ∂
∂ν to both sides of the heat equation (3.2), |θi(H;τ )|2Hi satis-
ﬁes the corresponding Neumann boundary condition. On the other hand, when H(t) is a solution of (3.3), we have
(
∑n
i=0 |θi(H;τ )|)|∂M = 0. By Proposition 2.1 and the maximum principle, supM(
∑n
i=0 |θi(H;τ )|2Hi ) is decreasing with
time. 
Theorem 3.3. Suppose that a smooth solution H(t) to the evolution equation (3.1), (3.2) or (3.3) is deﬁned for 0 t < T . Then H(t)
converges in C0-topology to some (n + 1)-tuple H(T ) of continuous non-degenerate metrics as t → T .
Proof. Given  > 0, by continuity at t = 0 we can ﬁnd a δ such that
sup
M
σ
(
H(t),H
(
t′
))
< ,
for 0< t, t′ < δ. Then Proposition 2.4 and the maximum principle imply that
sup
M
σ
(
H(t),H
(
t′
))
< ,
for all t, t′ > T − δ. This implies that Hi(t) are uniformly Cauchy sequence and converge to a continuous limiting metric
Hi(T ), for every 0 i  n. By Proposition 3.2, we know that
∑n
i=0 |θi(H;τ )|2Hi are bounded uniformly. Using formulas (3.4)
and (3.5), one can conclude that σ(Hi(t), Ki) are bounded uniformly, therefore Hi(T ) is a non-degenerate metric. 
Discussing like that in [9, Lemma 19] or [15, Lemma 4.3.2], one can easily prove the following lemma.
Lemma 3.4. (See [23, Lemma 6.4].) Let H(t), 0  t < T (or ∞) be any one-parameter family of Hermitian metrics on holomorphic
bundle E over compact Kähler manifold M without boundary (or with non-empty smooth boundary). If H(t) (satisfying Neumann or
Dirichlet boundary conditions) converges in C0 topology to some continuous metric H(T ) as t → T , and if supM |ΛFH | is bounded
uniformly in t, then H(t) are bounded in C1 and also bounded in Lp2 (for any 1< p < ∞) uniformly in t.
Theorem 3.5. Given any initial tuple K of Hermitianmetrics, then the evolution equations (3.1), (3.2), (3.3) have a unique solutionH(t)
which exists for 0 t < ∞.
Proof. Proposition 3.1 guarantees that a solution exists for a short time. Suppose that the solution H(t) exists for 0 t < T .
By Theorem 3.3, H(t) converges in C0-topology to an (n + 1)-tuple H(T ) of non-degenerate continuous limit metrics as
t → T . We have known that |√−1ΛFHi − 1 (φ∗H ◦ φi − φi+1 ◦ φ∗H ) − τi IdEi |Hi is bounded independently of t . Moreover,2 i i+1
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Lemma 3.4, Hi(t) is bounded in C1-topology and also bounded in L
p
2 (for any 1< p < ∞) uniformly in t . Since the evolution
equations are quadratic in the ﬁrst derivative of hi , we can apply Hamilton’s method [13] to deduce that Hi(t) → Hi(T )
in C∞-topology, for every 0  i  n, and the solution can be continued past T . Then the evolution equations (3.1), (3.2)
and (3.3) have a solution H(t) deﬁned for all time.
On the other hand, suppose that H′(t) is another solution of Eq. (3.1) ((3.2) or (3.3)) with the same initial tuple K of
Hermitian metrics. From Proposition 2.4, we have(
 − ∂
∂t
)
σ
(
H(t),H′(t)
)
 0,
and σ(H,H′)|t=0 = 0. By the maximum principle, we have
σ
(
H(t),H′(t)
)≡ 0, i.e. H(t) ≡ H′(t).
So we have proved the uniqueness of the solution. 
Proposition 3.6. Let M satisfy Assumptions 1, 2, 3, and let (E, φ) be a twisted holomorphic chain over M. Suppose the initial (n+ 1)-
tuple of Hermitian metrics K satisﬁes that supM(
∑n
i=0 |θi(K ;τ )|K ) = B1 < ∞ for any 0 i  n. Then there is a unique solution H to
the heat equations (2.1) with H0 = K, and such that∑ni=0 supM |Hi|Ki < ∞ on each ﬁnite interval of time. For this solution, we have
supM(
∑n
i=0 |θi(H;τ )|H )  supM(
∑n
i=0 |θi(K ;τ )|K ). Furthermore, if Φ2(K ) = supM(
∑n
i=1 |φi |2K ) = B2 < ∞, then the solution H
must satisfy Φ2(H) = supM(
∑n
i=1 |φi|2H )  max{B2, B3}, where B3 is a positive constant depending only on rank(Ei), rank(E˜ i)
and τi .
Proof. For each a > 0 such that ∂Ma (where Ma denotes the compact set ϕ(x)  a) is smooth, let Ha(·, t) be the solution
with Neumann or Dirichlet boundary conditions given by Theorem 3.5. By Proposition 3.2 we have
sup
Ma
(
n∑
i=0
∣∣θi(Ha)∣∣Ha
)
 sup
M
(
n∑
i=0
∣∣θi(K ;τ )∣∣K
)
. (3.6)
Using formulas (3.4) and (3.5), we can obtain the following estimate
sup
Ma×[0,T ]
σ(K,Ha) 2
(
n∑
i=0
rank Ei
)(
exp(2BT ) − 1). (3.7)
From the above estimate, we know that
∑n
i=0 |Ha,i|Ki is bounded on the ﬁnite interval 0  t  T , and the bound is inde-
pendent of a. To obtain the C0 convergence as a → ∞, we need the following lemma.
Lemma 3.7. (See [23, Lemma 6.7].) Suppose u is a function on some Ma × [0, T ], satisfying(
 − ∂
∂t
)
u  0, u|t=0 = 0,
and suppose there is a bound supMa u  C0 . Then we have
u(x, t) C0
a
(
ϕ(x) + C2t
)
,
where C2 is the bound of ϕ in Assumption 2.
For a ﬁxed relatively compact set Z ⊂ M , we ﬁx a0 such that Z ⊂ Ma0 . Let u = σ(Ha,Hb). The C0 bound derived above
gives the bound on u, and u is a sub-solution for the heat operator with u(0) = 0 by Proposition 2.4. So if 1 a0  a  b
then
σ(Ha,Hb) C0(1+ C2T )a0a
on Z × [0, T ], i.e. Ha is Cauchy for a → ∞.
From (3.6) and (3.7), we know that
∑n
i=0 |ΛFHa,i |Ki is uniformly bounded in Ma0 ×[0, T ] for a a0. Using Lemma 3.4 and
discussing like that in [23, Proposition 6.6], we obtain that Ha(·, t) is bounded in Lp2 (Z) for any p > 0 as a → ∞. The bound
is uniform in 0 t  T . By the evolution equations (2.1), the time derivative of Ha,i is bounded in Lp so Ha is bounded in
Lp2/1(Z × [0, T ]). Here Lp2/1(Z × [0, T ]) denotes the space of metrics with two Lp derivatives in the space direction and one
in the time direction. By going to a subsequence we may assume that for each relatively compact set, Ha → H in Lp . By2/1
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to a subsequence, Ha converges uniformly over any compact subset of M × [0,∞) to a smooth H which is a solution of the
evolution equations (2.1). And H satisﬁes the same C0 bound on each ﬁnite interval of time as that in (3.7), as well as the
bound supM(
∑n
i=0 |θi(H;τ )|H ) B . By using Lemma 3.7 again, it is easy to conclude the uniqueness of the solution.
Let Ha(·, t) be the solution with the Dirichlet boundary condition on Ma . From Proposition 2.2, we have(
 − ∂
∂t
)
Φ2(Ha) C1Φ4(Ha) − max
1in
{|τi − τi−1|}Φ2(Ha). (3.8)
By the maximum principle of the heat ﬂow, we get the following inequality
sup
M¯a
Φ2(Ha)max
{
sup
M¯a
Φ2(K ),C−11 max1in
{|τi − τi−1|}}. (3.9)
So, the last assertion in Proposition 3.6 can be concluded easily by the above inequality. 
4. Poisson equations on non-compact manifolds
Let M be a non-compact Riemannian manifold satisfying Assumptions 1, 2, 3. In this section, we want to solve the
following Poisson equation on M:
 f = g, (4.1)
where
∫
M g = 0 and supM |g|  +∞. When M is compact, it is known that the Poisson equation (4.1) can be solved. But
when M is non-compact, the solvability of (4.1) is not clear. The idea of our discussion comes from Simpson’s paper [23].
The application of this section is to obtain initial Hermitian metric K satisfying trΛFK ≡ C , since it can be reduced to
solve the poisson equation (4.1) by conformal transformation. In the following part of this paper, the Lp(M,ω) norm of a
function ψ will be denoted by ‖ψ‖Lp or ‖ψ‖p .
As above, for each a > 0, let Ma denote the compact set ϕ(x)  a with smooth boundary ∂Ma . We ﬁrst consider the
following heat equation on Ma with Neumann boundary condition,⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∂
∂t
f =  f − g,
∂ f
∂ν
∣∣∣∣
∂Ma
= 0,
f |t=0 = 0.
(4.2)
Since the above heat equation is strictly parabolic, and the Neumann boundary condition is good, the standard parabolic
theory shows that the solution of (4.2) exists for long time. Suppose that fa is a solution of (4.2), it is easy to check that,⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(
 − ∂
∂t
)
( fα − g)2  0,
∂
∂ν
( fα − g)2
∣∣∣∣
∂Ma
= 0.
(4.3)
By the maximum principle, we have
sup
Ma
| fa|(·, t) 2 sup
Ma
|g| 2 sup
M
|g|. (4.4)
Similarly as that in Section 3, we want to get C0 convergence of fa on relatively compact sets Z . Let uab = ( fa − fb)2. It is
easy to prove that⎧⎨
⎩
(
 − ∂
∂t
)
uab  0,
uab|t=0 = 0.
By Lemma 3.7, we have
uab  C · a0a on Ma0 × [0, T ].
So, fa is a Cauchy sequence for a → ∞. On the other hand, since supMa | fa| is bounded uniformly, it is easy to conclude
that fa are bounded in L
p
(Z ×[0, T ]), where Z is a ﬁxed relatively compact Z ⊂ X . By passing to a subsequence which we2/1
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shows that the limit f is a smooth solution of the heat equation⎧⎨
⎩
∂
∂t
f =  f − g,
f |t=0 = 0,
(4.5)
on M and it satisﬁes the bound supM | f | 2supM |g|.
Let f1 and f2 be two solutions of the heat equation (4.5), and  f1,  f2 be uniformly bounded. It is easy to prove that(
 − ∂
∂t
)
( f1 − f2)2  0.
Applying Lemma 3.7 to u = ( f1 − f2)2, we have the uniqueness f1 ≡ f2.
So, we have proved the following lemma.
Lemma 4.1. Let M satisfy Assumptions 1, 2, 3 and g be C∞ function deﬁned on M satisfying supM |g| < ∞. Then there is a unique
solution f to the heat equation (4.5) with supM | f | 2supM |g|.
Furthermore, we assume that
∫
M g = 0. Let fa be a solution of (4.2). For any compact set Z ⊂ X , we have
∫
Z
fa(·, t) = −
∫
Ma\Z
fa(·, t) +
∫
Ma
fa(·, t) = −
t∫
0
∫
Ma
g dxdt −
∫
Ma\Z
fa(·, t).
So ∣∣∣∣
∫
Z
fa(·, t)
∣∣∣∣ 4t sup
M
|g|Vol(M \ Z).
Then∣∣∣∣
∫
Z
f (·, t)
∣∣∣∣ 4t sup
M
|g|Vol(M \ Z).
So we have∫
M
f (·, t) = 0. (4.6)
On the other hand,
e fa = e fa fa + e fa |∇ fa|2.
Using the above equality and integrating over Ma , we have∫
Ma
e fa |∇ fa|2 =
∫
Ma
−e fa fa  C,
where C is independent of a.
Since fa → f in Lp2,loc , we have∫
M
|∇ f |2(·, t) < +∞. (4.7)
It is easy to check that
 ln
(
e f + e− f )= ∇( 1
e f + e− f ∇
(
e f + e− f ))
= ∇
(
e f − e− f
f − f ∇ f
)
−| f | (4.8)e + e
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ln
(
1
2
(
e f + e− f )) | f | ln(e f + e− f ). (4.9)
By Assumption 3 and the bound in Lemma 4.1, we have
| f | ln(e f + e− f ) C1
(∫
M
ln
1
2
(
e f + e− f )+ ln2)
 C3
∫
M
| f | + C4,
where C3 and C4 depend only on supM |g| and Vol(M). So we have
‖ f ‖∞  C3‖ f ‖1 + C4. (4.10)
Lemma 4.2.
d
dt
∫
M
f g + 1
2
|∇ f |2 = −
∫
M
| f − g|2. (4.11)
Proof. Many steps in the proof of this lemma require integration by parts, so we have to be careful if M is not compact. Let
ϕ be the exhaustion non-negative function in Assumption 2, then∫
Ms
|dϕ|2 =
∫
Ms
(s − φ)ϕ  C5s,
where C5 depends only on the bound of ϕ and Vol(M). On the other hand
d
ds
∫
Ms
|dϕ|2 =
∫
∂Ms
|dϕ|,
so
s∫
0
∫
∂Ms
|dϕ|ds C5s.
By (4.7), we have∫
M
∣∣ f (·, t2)∇ f (·, t1)∣∣2 < +∞,
for any 0 t1, t2 < ∞. Now
s∫
0
∣∣∣∣
∫
Ms
div
(
f (·, t2)∇ f (·, t1)
)∣∣∣∣ds
s∫
0
∫
∂Ms
∣∣ f (·, t2)∇ f (·, t1)∣∣ds

( s∫
0
∫
∂Ms
| f (·, t2)∇ f (·, t1)|2
|dϕ|
)1/2( s∫
0
∫
∂Ms
|dϕ|
)1/2
 C6s1/2,
where C6 is a positive constant independent on s. So we can choose a subsequence si → +∞ such that∫
Ms
div
(
f (·, t2)∇ f (·, t1)
)→ 0,
i
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M
div
(
f (·, t2) f (·, t1)
)= 0. (4.12)
Since | ∂ f
∂t | is bounded uniformly, we have∣∣ f (·, t) − f (·, t0)∣∣ C7(t − t0). (4.13)
On the other hand,  f (·, t) is continuous in t uniformly on compact sets, and it is bounded. So we have
lim
t→t0
∫
M
∣∣( f (·, t) − f (·, t0))∣∣→ 0. (4.14)
Then, using (4.12), (4.13), (4.14), we have
d
dt
∫
M
f g + 1
2
|∇ f |2
∣∣∣∣
t=t0
= lim
t→t0
1
t − t0
[∫
M
f (·, t)g + 1
2
∣∣∇ f (·, t)∣∣2 − ∫
M
f (·, t0) + 1
2
∣∣∇ f (·, t0)∣∣2
]
= lim
t→t0
1
t − t0
[∫
M
(
f (·, t) − f (·, t0)
)
g −
∫
M
1
2
(
f (·, t) f (·, t) − f (·, t0) f (·, t0)
)]
= lim
t→t0
1
t − t0
∫
M
[
f (·, t) − f (·, t0)
][
g −  f (·, t0)
]
− 1
2
[
f (·, t) − f (·, t0)
]

[
f (·, t) − f (·, t0)
]
= −
∫
M
(
 f (·, t0) − g
)2
.  (4.15)
In the following, we want to prove that
∫
M | f (·,t)| must be bounded uniformly in t . If not, we have limsupt→+∞‖ f (t)‖1 =
+∞. So we can choose a sequence ti → +∞, such that limi→+∞ ‖ f (ti)‖1 = +∞. Let ιi = ‖ f (i)‖ < +∞, and ui = ι−1i f (ti) ∈
C∞(M). Using (4.10), we have
‖ui‖1 = 1, and ‖ui‖∞  C8, (4.16)
where C8 is a constant depending only on supM |g| and Vol(M).
By (4.15), we have∫
M
ιiui g + ι2i
1
2
|∇ui |2  0. (4.17)
From the above inequality, we have
1
2
∫
M
|∇ui |2 − 1
ιi
∫
M
ui g,
and ∫
M
|∇ui |2 → 0. (4.18)
Then, passing to a subsequence, we have that ui converges weakly to u∞ in L21, and u∞ is constant almost everywhere.
Note that for any relatively compact Z ⊂ X , L21 → L1(Z) is compact. So∫
Z
|ui| →
∫
Z
|u∞|.
On the other hand, supM |ui | C8 and M has ﬁnite volume, so for any ε > 0, we have
190 Y. Wang, X. Zhang / J. Math. Anal. Appl. 373 (2011) 179–202∫
M−Z
|ui| < ε,
if Z is big enough. Thus 1
∫
Z |u∞| 1− ε. So, we have∫
M
|u∞| = 1, and u∞ = C∗ = 0 a.e. (4.19)
On the other hand, by (4.6) we have∫
M
ui = 0.
Similarly as the above, we can obtain∫
M
u∞ = 0. (4.20)
We get a contradiction, so we have proved that
∫
M | f (·, t)| must be bounded uniformly in t . From formula (4.10), we have
a uniform positive constant such that
sup
M
∣∣ f (·, t)∣∣ C9. (4.21)
By Lemma 4.1 and formula (4.15), we also have uniform bounds on  f and
∫
M |∇ f |2. So we may choose a subsequence
ti → ∞ such that f (·, ti) → f∞ weakly in Lp2,loc and
∫
M( f − g)2(·, ti) → 0. The elliptic regularity implies that f∞ is a
smooth solution of Eq. (4.1) and supM | f∞| < ∞. In fact, we obtain
Theorem 4.3. Let M be a non-compact Riemannian manifold satisfying Assumptions 1, 2, 3, and suppose that g ∈ C∞(M) satisﬁes∫
M g = 0 and supM |g|+∞. Then there is a function f ∈ C∞(M) which satisﬁes the Poisson equation (4.1) and supM | f | < ∞.
5. The Dirichlet boundary problem for chain vortex equations
In this section, we will consider the case when M is the interior of compact Kähler manifold (M¯,ω) with non-empty
smooth boundary ∂M , the Kähler metric is smooth and non-degenerate on the boundary, and the twisted holomorphic chain
(E, φ) is deﬁned over M¯ . In [11], Donaldson solved the Dirichlet boundary value problem for Hermitian–Einstein metrics on
Kähler manifolds; and in [27], the second author generalized the above Donaldson’s result to general Hermitian case. We
will show that the solution of Eq. (3.3) always converges to an (n + 1)-tuple of Hermitian metrics which satisfy the chain
τ -vortex equations (1.1) and the Dirichlet boundary conditions. In fact, we solve the following Dirichlet boundary problem.
Theorem 5.1. Let E be a holomorphic vector bundle over the compact Kähler manifold M¯ with non-empty smooth boundary ∂M,
where E = (E0, E1, . . . , En) is the (n + 1)-tuple of holomorphic bundles Ei over M, and φ = (φ1, φ2, . . . , φn) is an n-tuple of bundle
morphisms φi ∈ Hom(Ei ⊗ E˜ i, Ei−1) (1 i  n). For any Hermitian metric ϕ = (ϕ1,ϕ2, . . . , ϕn) on the restriction of E = E1 ⊕ E2 ⊕
· · · ⊕ En to ∂M, there is a unique Hermitian metric H= (H1, H2, . . . , Hn) on E such that H satisﬁes chain τ -vortex equations and the
Dirichlet boundary condition:
√−1ΛFH0 +
1
2
φ1 ◦ φ∗H1 = τ0 IdE0 ,
√−1ΛFHi −
1
2
(
φ∗Hi ◦ φi − φi+1 ◦ φ∗Hi+1
)= τi IdEi ,
√−1ΛFHn −
1
2
φ∗Hn ◦ φn = τn IdEn ,
Hi|∂M = ϕi, (5.1)
where 1 i  n− 1, φ∗Hi is the adjoint of φi taken with respect to H.
First, we shall need the following lemma.
Lemma 5.2. (See [11].) Suppose g  0 is a sub-solution of the heat equation on M¯ × [0,∞), i.e. ∂ g
∂t − g  0. If g = 0 on ∂M for all
time then g decays exponentially
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M
g(·, t) Ce−μt, (5.2)
where μ > 0 depends only on M, and C depends on the initial value of g.
Let H(t) be a solution of the evolution equation (3.3) with initial data K, we consider the function Θ2 =∑ni=0 |θi(H;τ )|2Hi
on M¯ × [0,∞), where θi are deﬁned by (2.4). By Proposition 2.1, we know that (− ∂∂t )Θ2  0, and the Dirichlet boundary
condition satisﬁed by H(t) implies that, for t > 0, Θ2 vanishes on the boundary of M .
Thus Lemma 5.2 tells us that Θ2 decays exponentially
sup
M
Θ2(·, t) Ce−μt, μ > 0 (5.3)
and in particular that
∞∫
0
Θ(·, t)dt < ∞. (5.4)
Let t1  t  t2, and h¯i(x, t) = H−1i (x, t1)Hi(x, t). It is easy to check that
h¯−1i
∂h¯i
∂t
= −2θi . (5.5)
Then we have
∣∣lgTr h¯i(t2)∣∣− ∣∣lgTr h¯i(t1)∣∣=
t2∫
t1
∂
∂s
∣∣lgTr h¯i(s)∣∣ds

t2∫
t1
∣∣∣∣Tr h¯ih¯
−1
i
∂h¯i
∂t
Tr h¯i
∣∣∣∣ds
t2∫
t1
2Θ dt (5.6)
and similarly
∣∣lgTr h¯−1i (t2)∣∣ ∣∣lgTr h¯−1i (t1)∣∣+
t∫
0
2Θ dt. (5.7)
By inequalities (5.6) and (5.7), we have
sup
M¯
σ
(
H(t1),H(t2)
)
 2
(
n∑
i=0
rank(Ei)
)(
e
∫ t
0 2Θ dt − 1). (5.8)
From the above inequalities, we know that supM¯ σ(H(t1),H(t2)) is uniformly bounded for t ∈ [0,∞). Then there exists a
subsequence of the H(t) convergence in C0 to some continuous metric H∞ . Using Lemma 3.4 again, we know that H(t) is
bounded in C1 and also bounded in Lp2 (for any 1 < p < ∞) uniformly in t . On the other hand, Θ is bounded uniformly.
Then the standard elliptic regularity implies that there exists a subsequence Ht → H∞ in the C∞ topology. From (5.4), we
know that H∞ is the desired Hermitian metric satisfying the boundary condition. The uniqueness can be easily deduced
from Corollary 2.5 and the maximum principle. So we have proved Theorem 5.1.
6. Analytic stability of twisted holomorphic chains
Let (M,ω) be a Kähler manifold satisfying Assumptions 1, 2, 3; and let C = (E,φ) be a twisted holomorphic chain
over M . Set a background metric K = (K0, . . . , Kn) on the chain C = (E,φ), and set the parameters τ = (τ0, . . . , τn). Make
the assumption supM(
∑n
i=0 |θi(K ;τ )|) B , then we deﬁne the τ -degree of chain C with respect to the metric K to be the
real number:
degτ (C; K ) =
∫
M
(
n∑
i=0
Tr θi(K ;τ )
)
dν, (6.1)
where dν is the volume form of (M,ω). Then the τ -slope of chain C is deﬁned by
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i=0 rank Ei
. (6.2)
When (M,ω) is a closed Kähler manifold, the degree deﬁned in the above is a holomorphic invariant which is the same as
that deﬁned in [1].
For further consideration, let us introduce the following deﬁnitions.
Deﬁnition 6.1. Let C= (E,φ) be a twisted-holomorphic chain over M .
(1) A morphism f : C→ C′ between two twisted holomorphic chains C and C′ = (E′, φ′) with the same twisting bundles E˜α
is given by a collection of morphisms f i : Ei → E ′i for each 0  i  n, such that φ′α ◦ ( fα ⊗ IdE˜α ) = f ′α−1 ◦ φα for each
1 α  n.
(2) A weakly holomorphic sub-chain of C is a twisted chain C′ = (E′, φ′) such that E ′i is a saturated sub-sheaf of Ei for each
0 i  n, and φα ◦ ( fα ⊗ IdE˜α ) = fα−1 ◦ φ′α for each 1 α  n, where f i : E ′i → Ei are the inclusion morphisms. When
each E ′i is a holomorphic sub-bundle of Ei for each 0 i  n, we call C′ to be a holomorphic sub-chain of C.
(3) The weakly holomorphic sub-chain C′ ↪→ C is called proper if 0<∑ni=0 rank E ′i <∑ni=0 rank Ei .
(4) The twisted holomorphic chain C is called decomposable if it can be written as a direct sum C = C1 ⊕ C2 of two
holomorphic sub-chains with C1 = C, C2 = C. Otherwise, C is called indecomposable.
(5) The twisted holomorphic chain C is called simple if its only holomorphic endomorphisms are the multiples λ IdC of the
identity endomorphism.
If E ′i is a saturated sub-sheaf of Ei then outside of complex co-dimension 2 it is a sub-bundle of Ei . The metric Ki
restricts to a metric on E ′i outside complex co-dimension two. Let πi : Ei → E ′i denote the projection onto E ′i using the
metric Ki , it is also deﬁned outside complex codimension two. So we can deﬁne the degree by integrating outside complex
co-dimension two.
Deﬁnition 6.2. Let C = (E,φ) be a twisted holomorphic chain over M . Let τ = (τ0, τ1, . . . , τn) ∈ Rn+1, and K =
(K0, K1, . . . , Kn) be an (n + 1)-tuple of Hermitian metrics on chain C. The τ -degree and τ -slope of a weakly holomor-
phic sub-chain C′ with respect to metric K are deﬁned by
degτ
(
C′,K
)= ∫
M
[
n∑
i=0
(
Trπi ◦ θi(K ;τ ) − |∂¯Ei⊗E∗i πi|2K
)− n∑
α=1
∣∣φ⊥α ∣∣2K
]
ω[m],
μτ
(
C′,K
)= degα(C′, K )∑n
i=0 rank E ′i
,
respectively. Here φ⊥α = πα−1 ◦ φα ◦ ((IdEα − πα) ⊗ IdE˜α ). We say that the twisted holomorphic chain C is analytic τ -(semi)
stable with respect to metric K if for all proper weakly holomorphic sub-chain C′ ↪→ C,
μτ
(
C′,K
)
< () μτ (C,K). (6.3)
A direct sum of τ -stable twisted holomorphic chain, all of them with the same τ -slope, is called τ -polystable.
The degree of sub-chain deﬁned is either a real number or −∞, and if the degree is not −∞ then πi ∈ L21 for each
0 i  n. On the other hand, a straightforward computation shows that
1
2
n∑
i=0
Tr
(
πi ◦
(
φ∗Ki φi − φi+1φ∗Ki+1
))= − n∑
α=1
∣∣φ⊥α ∣∣2K . (6.4)
If (M,ω) is a closed Kähler manifold, by Chern–Weil formula and formula (6.4), the degree degτ (C
′,K) is a holomorphic
invariant which is independent of metric K; in fact we have
degτ
(
C′,K
)= n∑
i=0
(
deg
(
E ′i
)− τi rank E ′i). (6.5)
Here deg(E ′i) is just the degree of the sheaf E
′
i .
Suppose that the chain C has an (n + 1)-tuple K of hermitian metrics satisfying the chain τ -vortex equations (1.1), then
taking traces in (1.1), integrating over (M,ω), and summing for 0 i  n, one sees that the τ -parameters are constrained
by the relation
degτ (C,K) = 0. (6.6)
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respondence, we shall take τ satisfying (6.6) for the equations, for the stability condition, it will be convenient to use
α = (α0, . . . ,αn) deﬁned by
αi = τi − τ0, (6.7)
so that α0 = 0 and the independent parameters are α1, . . . ,αn . By the deﬁnition, we have
μα(C,K) = μτ (C,K) + Vol(M,ω)τ0, (6.8)
hence the stability condition does not change under global translations on parameter vector. So, τ -(semi) stability is equiv-
alent to α-(semi) stability.
Next, we will show that the τ -stability is the necessary condition for the existence of solutions of the chain τ -vortex
equation (1.1). In fact, we prove the following theorem.
Theorem 6.3. Let (M,ω) be a Kähler manifold satisfying Assumptions 1, 2, 3, and C= (E,φ) be a twisted holomorphic chain over M.
Suppose that the chain C admits an (n+1)-tuple H= (H0, . . . , Hn) of Hermitian metrics satisfying the chain τ -vortex equations (1.1),
then chain C must be τ -polystable with respect to metric H.
Proof. This result is proved in exactly the same way as in [2, Section 3.2], so here we only sketch the proof. We can
assume that C is indecomposable. Let C′ = (E ′0, E ′1, . . . , E ′n) be a proper weakly holomorphic sub-chain, and πi be the
section of E∗i ⊗ Ei associated to the saturated sub-sheaf E ′i . Using (1.1), we have μτ (C,H) = 0 and
μτ
(
C′, H
)= − 1∑n
i=0 rank E ′i
∫
M
[
n∑
i=0
∣∣∂¯Ei⊗E∗i πi∣∣2H +
n∑
α=1
∣∣φ⊥α ∣∣2H
]
ω[m]. (6.9)
The indecomposability of C implies that either ∂¯Ei⊗E∗i πi = 0 or φ⊥α = 0 for some i,α, thus μτ (C′, H) < 0, hence C is analytic
τ -stable with respect to metric H . 
7. Proof of the main theorem
In this section, we will use the analytic stability to deduce that the solution H(t) of above evolution equations (2.1) must
converge to an (n+ 1)-tuple H(∞) metric which satisﬁes the chain τ -vortex equation (1.1). For further discussion, we shall
introduce the following machineries. Let MD(Ki, Hi) be the Donaldson Lagrangian [9] of two hermitian metrics Ki , Hi on
bundle Ei , and we deﬁne the modiﬁed Donaldson Lagrangian Mφ,α of two (n + 1)-tuples of hermitian metrics as follows:
Mφ,α(K,H) =
n∑
i=0
MD(Ki, Hi) +
n∑
i=1
∫
M
(|φi|2H − |φi|2K )− 2
n∑
i=0
∫
M
αi Tr
(
log
(
K−1i Hi
))
. (7.1)
Here K= (K0, . . . , Kn), H= (H0, . . . , Hn), Ki and Hi are hermitian metrics on bundle Ei , and α = (α0, . . . ,αn) ∈ Rn+1.
For reader’s convenience, we recall some notation. Let K be a ﬁxed Hermitian metric on bundle E , denote
SK (E) =
{
s ∈ Ω0(M,End(E)) ∣∣ s∗K = s}. (7.2)
Given ρ ∈ C∞(R, R) and s ∈ SK (E). We deﬁne ρ(s) as follows. At each point x on M , choose {ei}ri=1 to be a unitary basis
with respect to metric K , such that s(ei) = δiei . Set
ρ(s)(ei) = ρ(δi)ei . (7.3)
Given Ψ ∈ C∞(R × R, R), s ∈ SK (E), p ∈ Ω0(M,End(E)). In a similar way, we deﬁne Ψ [s](p) as follows. Let {e∗i }ri=1 be
the dual basis for {ei}ri=1, then p ∈ Ω0(M,End(E)) can be written as
p =
∑
pije
∗
i ⊗ e j.
Set
Ψ [s](p) =
∑
Ψ (δi, δ j)pije
∗
i ⊗ e j. (7.4)
In fact, the Donaldson’s Lagrangian is deﬁned as follows:
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∫
M
〈
log
(
K−1H
)
,
√−1ΛF 1,1K
〉
K
+ 2
∫
M
〈
log
(
K−1H
)
,
√−1Λ∂¯E
(
ψ
[
log
(
K−1H
)](
∂K log
(
K−1H
)))〉
K , (7.5)
where ψ(x, y) = ey−x+(x−y)−1
(x−y)2 .
Lemma 7.1.
(1) Let H1 , H2 , H3 be three (n + 1)-tuples of Hermitian metrics on chain C= (E, J,φ), and α = (α0, . . . ,αn) ∈ Rn+1 , then
Mφ,α
(
H1,H3
)= Mφ,α(H1,H2)+ Mφ,α(H2,H3). (7.6)
(2) Let H(t) be a solution of Eq. (2.1) with initial tuple K which satisﬁes the same conditions in the main theorem, then
d
dt
Mφ,τ
(
K,H(t)
)= −∫
M
n∑
i=0
∣∣2√−1ΛFHi − (φ∗Hi φi − φi+1φ∗Hi+1)− 2τi IdEi ∣∣2Hi . (7.7)
Proof. (1) In [23, Proposition 5.1], Simpson have shown that
MD
(
H1,H3
)= MD(H1,H2)+ MD(H2,H3).
So formula (7.6) can be deduced directly by the deﬁnition of modiﬁed Donaldson Lagrangian (7.1).
(2) By Proposition 3.6 we know that supM |θi(H;τ )|Hi and supM |ΛFHi |Hi are uniformly bounded. Then, there exists a
uniform constant C such that∣∣h−1i (t1)hi(t2) − IdEi ∣∣Ki  C |t1 − t2|
for any t1 and t2 in a ﬁnite interval 0 t  T , so we have
d
dt
∫
M
|φi|2H(t) = limt→t0
1
t − t0
∫
M
|φi|2H(t) − |φi|2H(t0)
= lim
t→t0
1
t − t0
∫
M
tr
(
φi ◦ h−1i (t) ⊗ IdE˜i ◦ φ∗Ki ◦ hi−1(t) − φi ◦ h−1i (t0) ⊗ IdE˜i ◦ φ∗Ki ◦ hi−1(t0)
)
= lim
t→t0
1
t − t0
∫
M
tr
(
φi ◦
(
h−1i (t) − hi(t0)
)⊗ IdE˜i ◦ φ∗Ki ◦ hi−1(t0))
+ lim
t→t0
1
t − t0
∫
M
tr
(
φi ◦ h−1i (t0) ⊗ IdE˜i ◦ φ∗Ki ◦
(
h−1i−1(t) − hi−1(t0)
))
+ lim
t→t0
1
t − t0
∫
M
tr
(
φi ◦
(
h−1i (t) − hi(t0)
)⊗ IdE˜i ◦ φ∗Ki ◦ (h−1i−1(t) − hi−1(t0)))
=
∫
M
tr
(
φi ◦ φHi ◦ hi−1
∂hi−1
∂t
− hi ∂hi
∂t
◦ φHi ◦ φi
)∣∣∣∣
t=t0
.
On the other hand, since supM |ΛFHi |Hi is uniformly bounded and Hi is bounded for any ﬁnite time interval, Simpson
proved that [23, Lemma 7.1]
d
dt
MD(Ki, Hi) = 2
∫
M
tr
(
hi
∂hi
∂t
√−1ΛFHi
)
.
Combining above identities, we obtain (7.7). 
Let H(t) = (H0(t), . . . , Hn(t)) be a solution of Eq. (2.1) with initial tuple K, and h(t) = (h0(t), . . . ,hn(t)) where hi =
K−1Hi = exp(si). From Corollary 2.8, we havei
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{
n∑
i=0
(
Tr(hi) + Tr
(
h−1i
))}
−
(
n∑
i=0
∣∣2√−1ΛFKi − (φ∗Ki φi − φi+1φ∗Ki+1)− 2τi IdEi ∣∣Ki
)
−
(
n∑
i=0
∣∣2√−1ΛFHi − (φ∗Hi φi − φi+1φ∗Hi+1)− 2τi IdEi ∣∣Hi
)
. (7.8)
From Proposition 2.1, we know that supM |2
√−1ΛFHi − (φ∗hi φi − φi+1φ∗Hi+1) − τi IdEi |Hi is bounded independently of t . By
Assumption 3, there exist two constants B5 and B6 such that∥∥∥∥∥lg
{
n∑
i=0
(
Tr(hi) + Tr
(
h−1i
))}∥∥∥∥∥∞  B5
(∫
M
lg
{
n∑
i=0
(
Tr(hi) + Tr
(
h−1i
))}+ B6
)
. (7.9)
On the other hand, one can check that
lg
{
1
2
∑n
i=0 ri
n∑
i=0
(
Tr hi + Tr h−1i
)}

n∑
i=0
|si |Ki =
n∑
i=0
|si |Hi 
(
n∑
i=0
r
1
2
i
)
lg
n∑
i=0
(
Tr hi + Tr h−1i
)
, (7.10)
where ri = rank Ei . So there exist constants B7 > 0, B8 > 0 such that, for every t ∈ [0,+∞), we have
n∑
i=0
∥∥si(t)∥∥∞  B7 + B8
(
n∑
i=0
∥∥si(t)∥∥1
)
. (7.11)
In the following, we will get C0-estimate for H(t) under the analytic stability condition.
Proposition 7.2. Let H(t) = (H0(t), . . . , Hn(t)) be a solution of Eq. (2.1) with initial tuple K which satisﬁes the same conditions in
the main theorem. Suppose that tr(
∑n
i=0 θi(K ;τ )) ≡ 0 and C = (E,φ) is analytic τ -stable with respect to the initial metrics K. There
exists constant B9 > 0 such that, for every t ∈ [0,+∞),
n∑
i=0
∥∥si(t)∥∥∞ < B9. (7.12)
Proof. We prove it by contradiction. If not, then we must have
limsup
t→∞
(
n∑
i=0
∥∥si(t)∥∥1
)
= +∞.
In particular, we can choose a sequence {t j}∞j=1 such that: t j → ∞ and
∑n
i=0 ‖s(t j)‖1 → ∞. Set E = E0 ⊕ E1 ⊕ · · · ⊕ En ,
then H = H0 ⊕ H1 ⊕ · · · ⊕ Hn is a hermitian metric on E , denote h = h0 ⊕ h1 ⊕ · · · ⊕ hn , and s = s0 ⊕ s1 ⊕ · · · ⊕ sn ∈
End(E). The morphisms φi : Ei ⊗ E˜ i → Ei−1 induce a section φ˜ = ⊗ni=1 φi of the bundle ⊕ni=1 Hom(Ei ⊗ E˜ i, Ei−1) (or⊕n
i=1 Hom(Ei, Ei−1) ⊗ E˜ i∗). Then, we can deﬁne the endomorphisms φ˜∗H φ˜, φ˜φ˜∗H ∈
⊕n
i=0 End(Ei) in a natural way as that
in the introduction. We denote πi : E → Ei to be the projection to sub-bundle Ei , K = K0 ⊕ K1 ⊕ · · · ⊕ Kn to be the initial
hermitian metric on bundle E . The chain τ -vortex equations (1.1) can be re-written as follows:
√−1ΛFH − 1
2
(
φ˜∗H φ˜ − φ˜φ˜∗H)− n∑
i=0
τiπi = 0. (7.13)
Let l j = ‖s(t j)‖1 and u j = l−1j s(t j) ∈ End(E), from the assumption, we know that l j → ∞. Using (7.11), we have
‖u j‖1 = 1 and ‖u j‖∞  B12 (7.14)
where B12 is a positive constant. By formula (2.7) and the initial assumption tr(
∑n
i=0 θi(K ;τ )) ≡ 0, we have
Tr s(t) = 0, (7.15)
for every 0 t < ∞. From
l j
〈
Ψ [l ju j](∂¯Eu j), ∂¯Eu j
〉

〈
Ψ [u j](∂¯Eu j), ∂¯Eu j
〉
(7.16)
and (7.1), (7.7), it follows that
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M
〈
Ψ [u j](∂¯Eu j), ∂¯Eu j
〉
η[m]  B13.
Since u j is bounded uniformly, so Ψ  C > 0 on the range of the u j ’s. We obtain
‖∂¯Eu j‖2  B14. (7.17)
Then, passing to a subsequence, u j converges weakly to u∞ in L21. Moreover, we have∫
M
〈
u j,2
√−1ΛFK − 2
n∑
i=0
τiπi
〉
+ 2
∫
M
〈
Ψ [u j](∂¯Eu j), ∂¯Eu j
〉
 l−1j
{∫
M
〈
s(t j),2
√−1ΛFK − 2
n∑
i=0
τiφi
〉
+ 2
∫
M
〈
Ψ
[
s(t j)
](
∂¯E s(t j)
)
, ∂¯E s(t j)
〉}
 l−1j
{
Mφ,τ
(
K,H(t j)
)+ ∫
M
(|φ˜|2H(t j) − |φ˜|2K )
}
 l−1j C,
for some uniform constant C . Then, by the same discussion in [23, Lemma 5.4], we have u∞ is non-trivial, and∫
M
〈
u∞,
√−1ΛFK −
n∑
i=0
τiπi
〉
+
∫
M
〈
Ψ [u∞](∂¯Eu∞), ∂¯Eu∞
〉
 0. (7.18)
In the same manner, if ζ ∈ C∞(R × R, R) satisﬁes ζ(x, y) (x− y)−1, whenever x> y, then∫
M
〈
u∞,
√−1ΛFK −
n∑
i=0
τiπi
〉
+
∫
M
〈
ζ [u∞](∂¯Eu∞), ∂¯Eu∞
〉
 0. (7.19)
For any smooth function ρ : R → R , a straightforward computation gives
∂¯ Trρ(u∞) = Tr
(
δρ[u∞](∂¯Eu∞)
)
, (7.20)
where we set
δρ(λ,μ) =
{
ρ(λ)−ρ(μ)
λ−μ , if λ = μ,
ρ ′(λ), if λ = μ.
For any number N , we can ﬁnd a smooth function ρ˜ : R × R → R such that: ρ˜(x, x) = δρ(x, x); and Nρ˜2(x, y) (x − y)−1
whenever x > y. Then∣∣∂¯ Tr(ρ(u∞))∣∣2 = ∣∣Tr(ρ˜[u∞]∂¯Eu∞)∣∣2  B15∣∣ρ˜[u∞]∂¯Eu∞∣∣2
= B15
N
〈
Nρ˜2[u∞](∂¯Eu∞), ∂¯Eu∞
〉
.
By (7.19), we have∥∥∂¯ Tr(ρ(u∞))∥∥22  B15N . (7.21)
Since this holds for all N > 0, and Tr(ρ(u∞)) is real-valued, we get that Tr(ρ(u∞)) is constant almost everywhere. This
implies that the eigenvalues of u∞ are constant almost everywhere, so we have proved the following lemma.
Lemma 7.3. The eigenvalues of u∞ are constant almost everywhere.
Let λ1, . . . , λl denote the distinct eigenvalues of the u∞ , listed in ascending order. On the other hand, by (7.15), we have
Tr u∞ = 0 almost everywhere. Since u∞ is non-trivial, so we must have l 2.
For α < l, let us deﬁne pα : R → R to be a smooth positive function such that
pα(x) =
{
1, if x λα,
0, if x λα+1.
(7.22)
Deﬁne
π ′α = pα(u∞). (7.23)
Y. Wang, X. Zhang / J. Math. Anal. Appl. 373 (2011) 179–202 197Proposition 7.4. Let π ′α be as above for α < l. Then
(1) π ′α ∈ L21(SK (E));
(2) π ′2α = π ′α = π ′∗Kα ;
(3) (Id− π ′α)∂¯E∗⊗E(π ′α) = 0 almost everywhere;
(4) ‖(Id− π ′α)φ˜π ′α‖22 = 0.
Proof. (1), (2), (3) can be deduced directly by the same argument as in [6, Proposition 3.10.2]. So we only need to prove (4).
It is not hard to check that, for large enough j,∫
M
|φ˜|2H(t j) =
∫
M
〈
h(t j)φ˜h
−1(t j), φ˜
〉
K
=
∫
M
〈
el ju j φ˜e−l ju j , φ˜
〉
K

∫
M
〈
l jΩ[u j]φ˜, φ˜
〉
K . (7.24)
Here Ω(λ,μ) = ω(μ − λ), ω : R → R is a smooth positive function such that ω is compactly supported and ω(λ) = 0
whenever λ  for some  > 0. In (7.24), we have used the fact [6, Proposition 3.9.1]: for large enough l
ω(λ) e
lλ
l
. (7.25)
For any α < l, choose  such that 0<  < λα+1 − λα and deﬁne a smooth positive function ωα : R → R such that
ωα(λ) =
{
0, if λ ,
1, if λ λα+1 − λα. (7.26)
It is easy to check that∣∣(IdE − π ′α)φ˜π ′α∣∣2K  〈Ωα[u∞]φ˜, φ˜〉K , (7.27)
where Ωα(λ,μ) = ωα(μ−λ). From Proposition 3.6, we know |φ˜|2H(t) = Φ2 =
∑n
i=1 |φi|2H(t) is bounded uniformly. So, (4) can
be deduced easily from (7.24), (7.27). 
From the above proposition, we know that π ′α ’s are L21-weakly holomorphic sub-bundles of E . Let π ′αi = π ′α ◦ πi and
φ′αi = φi |π ′αi . By Uhlenbeck and Yau’s result [26], we know that π ′αi represents a saturated sub-sheaf E ′αi of Ei . On the other
hand, from (4) of Proposition 7.3, we have
φi ◦ π ′αi ⊗ IdE˜i = π ′α(i−1) ◦ φi ◦π ′αi ⊗ IdE˜i . (7.28)
So, from (E ′αi, φ
′
αi), we have obtained a sequence of proper weakly holomorphic sub-chain Cα of C= (E, J,φ). We deﬁne
Q (τ ) := λl degτ (C) −
l−1∑
α=1
(λα+1 − λα)degτ (Cα). (7.29)
Then
Q (τ ) = 1
2π
∫
M
√−1Tr
{(
λl IdE −
l−1∑
α=1
(λα+1 − λα)π ′α
)
ΛFK
}
+ 1
2π
∫
M
l−1∑
α=1
(λα+1 − λα)
∣∣∂¯E∗⊗Eπ ′α∣∣2K
− Vol(M)
2π
n∑
i=0
τi
(
λl rank Ei −
l−1∑
α=1
(λα+1 − λα) rankπ ′αi
)
= 1
2π
∫
M
〈
u∞,
√−1ΛFK −
n∑
i=0
τiπi
〉
K
+ 1
2π
∫
M
l−1∑
α=1
(λα+1 − λα)
∣∣∂¯E∗⊗Eπ ′α∣∣2K . (7.30)
Using the result and notation of [6, Lemma 3.12.1], we have
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α=1
(λα+1 − λα)
∣∣∂¯E∗⊗Eπ ′α∣∣2 =
l−1∑
α=1
(λα+1 − λα)
〈
∂¯E∗⊗Eπ ′α, ∂¯E∗⊗Eπ ′α
〉
=
l−1∑
α=1
(λα+1 − λα)
〈
(δpα)
2[u∞](∂¯E∗⊗Eu∞), ∂¯E∗⊗Eu∞
〉
= 〈ζ [u∞](∂¯E∗⊗Eu∞), ∂¯E∗⊗Eu∞〉. (7.31)
Here ζ : R × R → R is deﬁned by ζ =∑l−1α=0(λα+1 − λα)(δpα)2, hence it satisﬁes the conditions that ζ(λ,μ)  (λ − μ)−1
for λ > μ. Then, we make use of (7.19), (7.30), (7.31) to deduce that
Q (τ ) 0. (7.32)
On the other hand, from the deﬁnition, the τ -stability of chain C deduce that Q (τ ) > 0, these conclude a contradiction. 
Proof of main theorem. By conformal transformations K¯ i = e f Ki for all 0 i  n, it is easy to check that
tr
(
n∑
i=0
θi(K¯ ;τ )
)
= tr
(
n∑
i=0
θi(K ;τ )
)
−
(
n∑
i=0
rank Ei
)
 f .
By solving the poisson equation, from Theorem 4.3, we can pick up function f , such that tr(
∑n
i=0 θi(K¯ ;τ )) = 0,
supM(
∑n
i=0 |ΛF K¯i |K¯ ) < ∞, supM(
∑n
i=1 |φi|2K¯ ) < ∞ and C = (E,φ) is analytic τ -stable with respect to K¯. Considering
the above discussion, we can assume that the initial (n + 1)-tuple of hermitian metrics K = (K0, . . . , Kn) satisﬁes
tr(
∑n
i=0 θi(K ;τ )) ≡ 0.
By formula (7.1), we have
Mφ,τ (K,H)−
n∑
i=0
∫
M
|si ||2
√−1ΛFHi − 2τi Id|Ki
+ 2
n∑
i=0
∫
M
〈
Ψ [si](∂¯Ei si), ∂¯Ei si
〉
Ki
+
n∑
i=1
∫
M
(|φi|2Hi − |φ|2Ki ), (7.33)
where Ψ (x, y) = ψ(y, x) = ex−y−(x−y)−1
(x−y)2 . From Proposition 7.2, we know that
∑n
i=0 ‖si(t)‖∞ is uniformly bounded, it follows
that Ψ  B10 > 0 on the range of the si(t)’s; so that∫
M
〈
Ψ [si](∂¯Ei si), ∂¯Ei si
〉
Ki
 B10‖∂¯Ei si‖22, (7.34)
for every 0 i  n. On the other hand, from Proposition 3.6, we know that
∑n
i=1 |φi |2H(t) is bounded uniformly. Therefore,
there exists B11 > 0 such that, for every t ∈ [0,+∞)
Mφ,τ
(
K,H(t)
)
−B11. (7.35)
Since hi is continuous in t uniformly on compact sets, and it is uniformly bounded, we have
lim
t→t0
∫
M
∣∣hi(·, t) − hi(·, t0)∣∣Ki → 0.
By (7.33), (7.34), (7.7), we know that ‖∂¯Ei si‖2 and also ‖∂¯Ei hi‖2 are uniformly bounded. Thus, there exists a subse-
quence t j → +∞, such that hi(t j) weakly converges to hi(∞) in L21, for every 0 i  n. By (7.35) and (7.7), we know that∑n
i=0 |2
√−1ΛFHi − (φ∗Hi φi − φi+1φ∗Hi+1) − 2τi IdEi |2Hi (t j) weakly converges to 0 in L2. Then, the standard elliptic regularity
implies that hi(∞) is smooth and Hi(∞) = Kihi(∞) satisﬁes the chain τ -vortex equations (1.1). So, we have proved the
main theorem. 
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Let us deﬁne the following Chern numbers of holomorphic vector bundle E with respect to Hermitian metric H by
C1(E, H) =
∫
M
c1(E, H)
ωm−1
(m − 1)! =
√−1
2π
∫
M
Λω FH
ωm
m! , (8.1)
and
Ch2(E, H) =
∫
M
1
2
{
c1(E, H)
2 − 2c2(E, H)
}∧ ωm−2
(m − 2)!
= − 1
8π2
∫
M
tr(FH ∧ FH ) ∧ ω
m−2
(m − 2)!
= 1
8π2
∫
M
(|√−1∧ FH |2H − |FH |2H)ωmm! . (8.2)
Since M may not be compact, the above Chern numbers measured with different metrics need not be equal a priori. For
further consideration, we need the following lemma in Simpson’s paper [23, Lemma 5.2].
Lemma 8.1. Suppose (M,ω) has an exhaustion function ϕ with
∫
M |ϕ| < ∞, and suppose η is a (2m− 1)-form with
∫
M |η|2 < ∞.
Then if dη is integrable, we have∫
M
dη = 0. (8.3)
Proposition 8.2. Let (M,ω) satisfy the above Assumptions 1, 2, and suppose (E,φ) is a twisted holomorphic chain with an (n + 1)-
tuple of Hermitian metrics H = (H0, H1, . . . , Hn) satisfying supM(
∑n
i=0 |ΛFHi |Hi ) < ∞, supM(
∑n
i=1 |φi|2H ) < ∞,
∑n
i=1 |∂Hφi |H
and
∑n
i=1 |
√−1Λω F H˜i |H˜i both belong to L2(M,ω). Suppose the (n + 1)-tuple of Hermitian metrics H satisﬁes the chain τ -vortex
equations (1.1) and
√−1Λω F H˜i is positive semi-deﬁnite for each i = 1, . . . ,n, then we have the following Bogomolov type inequality
n∑
i=0
τiC1(Ei, Hi) 2π
n∑
i=0
Ch2(Ei, Hi). (8.4)
Proof. Using ∂¯E∗i ⊗E˜∗i ⊗Ei−1φi = 0, we have
Re
〈√−1Λω FH (φi),φi 〉H = |∂Hφi|2H − 12|φi|2H , (8.5)
where
FH (φi) = FHi−1 ◦ φi − φi ◦ (FHi ⊗ IdE˜i + IdEi ⊗ F H˜i ). (8.6)
Let us deﬁne the Yang–Mills–Higgs functional YMHτ (H, φ) as follows
YMHτ (H, φ) =
n∑
i=1
‖∂Hφi‖2L2 +
n∑
i=0
{
‖FHi‖2L2 +
∥∥∥∥12
(
φi+1 ◦ φ∗Hi+1 − φ∗Hi ◦ φi
)− τi IdEi
∥∥∥∥
2
L2
}
. (8.7)
By direct calculation, we have
YMHτ (H, φ) = −
n∑
i=0
8π2Ch2(Ei, Hi) +
n∑
i=1
‖∂Hφi‖2L2
+
n∑
i=0
{
‖√−1Λω FHi‖2L2 +
∥∥∥∥12
(
φi+1 ◦ φ∗Hi+1 − φ∗Hi ◦ φi
)− τi IdEi
∥∥∥∥
2
L2
}
= −
n∑
8π2Ch2(Ei, Hi) +
n∑
‖∂Hφi‖2L2 +
n∑
4πτiC1(Ei, Hi)
i=0 i=1 i=0
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n∑
i=0
∥∥∥∥√−1Λω FHi + 12
(
φi+1 ◦ φ∗Hi+1 − φ∗Hi ◦ φi
)− τi IdEi
∥∥∥∥
2
L2
−
n∑
i=0
∫
M
Re
〈√−1Λω FHi , φi+1 ◦ φ∗Hi+1 − φ∗Hi ◦ φi 〉H . (8.8)
If
∫
M |φi |2H dμω = 0, by (8.5) and (8.6), then we have∫
M
n∑
i=1
|∂Hφi|2H =
n∑
i=1
∫
M
Re
〈√−1Λω FH (φi),φi 〉H
=
n∑
i=1
∫
M
Re
√−1Λω
{
tr
(
FHi−1 ◦ φi ◦ φ∗Hi
)
− tr(φi ◦ (FHi ⊗ IdE˜i ) ◦ φ∗Hi )− 〈φi ◦ (IdEi ⊗ F H˜i ),φi 〉H}
=
n∑
i=0
∫
M
Re
〈√−1Λω FHi , φi+1 ◦ φ∗Hi+1 − φ∗Hi ◦ φi 〉H
−
n∑
i=1
∫
M
Re
〈
φi ◦ (IdEi ⊗
√−1Λω F H˜i ),φi
〉
H . (8.9)
Combining (8.8) and (8.9), we have
−
n∑
i=0
8π2Ch2(Ei, Hi) +
n∑
i=0
4πτiC1(Ei, Hi) = YMHτ (H, φ) +
n∑
i=1
∫
M
〈
φi ◦ (IdEi ⊗
√−1Λω F H˜i ),φi
〉
H
 0. (8.10)
So, we only need to prove the following claim.
Claim.
∫
M |φi |2H dμω = 0 for each i = 1, . . . ,n.
Let η = √−1∂¯|φi |2H ∧ ω
m−1
(m−1)! , then dη = 12|φi|2H ω
m
m! . By the Cauchy–Schwartz inequality, we have∣∣∂¯|φi|2H ∣∣ |∂Hφi|H |φi|H . (8.11)
Since |∂Hφi |H ∈ L2(M,ω), then
∫
M |η|2 < ∞. On the other hand, by the assumptions that
∑n
j=0 |
√−1Λω FH j |H j ,
∑n
j=1 |φ j|
are bounded, and |∂Hφi |H + |
√−1Λω F H˜i |H˜i ∈ L2(M,ω), by (8.5), it is easy to see that |φi |2H is integrable, i.e. dη is inte-
grable. Then Lemma 8.1 implies the claim. So, we complete the proof. 
When (M,ω) is compact, the above inequality was proved by L. Alvarez-Consal, O. Garcia-Prada in [2]. Using the main
theorem and the above proposition, we have the following theorem.
Theorem 8.3. Let (M,ω) satisfy Assumptions 1, 2, 3, and suppose the exhaustion function ϕ in Assumption 2 satisﬁes 0
√−1∂∂¯ϕ 
Cω for some constant C . Let (E,φ) be a twisted holomorphic chain with an (n + 1)-tuple of Hermitian metrics K satisfying
that supM(
∑n
i=0 |ΛFKi |Ki ) < ∞, supM(
∑n
i=1 |φi|2K ) < ∞, degτ (C; K ) = 0,
∑n
i=1 |∂Kφi |K and
∑n
i=1 |
√−1Λω F H˜i |H˜i both belong
to L2(M,ω), and
√−1Λω F H˜i is positive semi-deﬁnite for each i = 1, . . . ,n. Suppose C = (E,φ) is analytic τ -stable with respect to
the metrics K, then we have the following Bogomolov type inequality
n∑
i=0
τiC1(Ei, Ki) 2π
n∑
i=0
Ch2(Ei, Ki). (8.12)
Proof. By the main theorem, we know that there exists an (n + 1)-tuple of Hermitian metrics H = (H0, H1, . . . , Hn) with
supM(
∑n
i=0 |Λω FHi |Hi ) < ∞, Hi and Ki are mutually bounded, |∂¯Ei (K−1i Hi)|Ki ∈ L2(M,ω) for each i = 0, . . . ,n, and satisfy-
ing the the chain τ -vortex equations (1.1). As above, we denote hi = K−1i Hi . Since hi = h∗Kii , then we have
|∂¯E hi|K =
∣∣∂K h∗Ki ∣∣ = |∂K hi|K . (8.13)i i i i Ki i i
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∂Hφi − ∂Kφi = (∂Hi−1 − ∂Ki−1) ◦ φi − φi ◦
(
(∂Hi − ∂Ki ) ⊗ IdE˜i
)
= (h−1i−1∂Ki−1hi−1) ◦ φi − φi ◦ ((h−1i ∂Kihi)⊗ IdE˜i ), (8.14)
it is easy to see that the assumptions supM(
∑n
i=1 |φi|2K ) < ∞, Hi and Ki are mutually bounded (i.e. supM |hi |Ki < ∞) for
each i = 0, . . . ,n and ∑ni=1 |∂Kφi |K ∈ L2(M,ω) imply
n∑
i=1
|∂Hφi|H ∈ L2(M,ω). (8.15)
Then, by Proposition 8.2, we have
n∑
i=0
τiC1(Ei, Hi) 2π
n∑
i=0
Ch2(Ei, Hi). (8.16)
Since (
∑n
i=0 |ΛFKi |Ki ) and (
∑n
i=0 |ΛFHi |Hi ) are both bounded on M , |tr(h−1i ∂Ki hi)| ∈ L2(M,ω), by Lemma 8.1, we have∫
M
∂¯ tr
(√−1(h−1i ∂Kihi))∧ ωm−1(m − 1)! = 0, (8.17)
where we have used the relation FHi = FKi + ∂¯Ei (h−1i ∂Ki hi). Then
2πC1(Ei, Hi) =
∫
M
Λω tr(
√−1FHi )
ωm
m!
=
∫
M
tr(
√−1FHi ) ∧
ωm−1
(m − 1)!
=
∫
M
{
tr(
√−1FKi ) + tr
(√−1∂¯Ei (h−1i ∂Kihi))}∧ ωm−1(m − 1)!
=
∫
M
Λω tr(
√−1FKi )
ωm
m! +
∫
M
∂¯ tr
(√−1(h−1i ∂Kihi))∧ ωm−1(m − 1)!
= 2πC1(Ei, Ki). (8.18)
On the other hand, since the exhaustion function ϕ satisﬁes 0
√−1 Cω, by the same discussion as that in the proof
of Proposition 3.5 in Simpson’s paper [23], we have∫
M
tr(FHi ∧ FHi ) ∧ωm−2 
∫
M
tr(FKi ∧ FKi ) ∧ωm−2, (8.19)
i.e.
Ch2(Ei, Hi) Ch2(Ei, Ki), (8.20)
for each i = 0, . . . ,n. So, (8.16), (8.18) and (8.20) imply the inequality (8.12). 
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